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Let N be the positive integers set. In this paper we prove that any mapping f: N→A, with A⊂N, 
cannot be an injective one, i. е. (A⊂N)⇒(¬(A∼N)). We use the theorem about of linear n-space basis, 
that is there das not exists any injective mapping of basis ܤାଵinto a basis ܤ. In other words, we 
proved Euclidean Axiom 8: “The Whole is more than its own Part”; there are some proofs this theo-
rem in our article.  
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1. Introduce. We use known mathematical texts in this report and we follow the Paul 
Cohen’s forecast about continuum-hypothesis (CH) [1, IV.13]: «A point of view which the 
author feels may eventually come to be accepted is that CH is obviously false». Linear inde-
pendence (dependence) is the main concept of linear space ܧ. “If there is a finite number of 
vector in the basis, the space is said to be finite dimensional and its dimension is equal to the 
number of vectors in its basis. Otherwise, it is infinite dimensional. For an infinite dimension 
space a basis usually means a sequence of elements ݔଵ, ,ଶݔ … such that every x is uniquely ex-
pressible in the form ݔ ൌ ∑ ܽݔ

ஶ
ୀଵ  (meaning that the limit as n becomes infinite ݔ െ

∑ ܽݔ
ஶ
ୀଵ  is zero)”. [2, p. 27] The basis ܤ of ܧ contains n  linearly independent vectors and 

the set of any vectors in ܧare linearly dependent and there does not exist any injec-
tive mapping of basis ܤାଵon ܧାଵ into the basis ܤon ܧ. Now we shall generalized those 
statements on infinite-dimensional linear spaceܧஶeasily. Let  ܨሺܣ, ሻܤ  ሼ݂| ݂: ܣ ՜  ሽ be aܤ
set of all mappings [3, Sec. 8] from A in B (on B). A mapping φ: ܣ ՜  is said to be injective ܤ
one, or an injection, if either 

ܽ ൌ holds ϕሺܽሻݍ ൌ ϕሺݍሻ, or  ϕሺܽሻ≠ϕሺݍሻ⇒ܽ≠(1)    .ݍ  
 

Instead of “the f is injective one” one speak [4, II.3.7] also, 
that “the f is one-to-one function” or “the f is 1–1–
correcpondence”. The mapping φ: ܣ ՜  of this kind that ܤ
φሺܣሻ ൌ  ,”is said to be “as mapping on” or “a surjective mapping ܤ
or, more shortly, “a surjection”. Injective mapping φ: ܣ ՜  is ܤ
named as bijective mapping or bijection [4, II.7] [5, I.6] if it is sur-
jective too, i. е., when it is true (1) and φሺܣሻ ൌ  In this case one .ܤ
speaks, that the sets A and B either arebijective, or they have equal 
power [5, I.9] and he writes A~ܤ. The bijection φ: ܣ ՜  is namedܣ
also a rearrangement, or a permutation, or a transformation of the 
set A. Let the symbols I(A,B), S(A,B) and B(A, B) designate the sets 

of injections, surjections and bijections from A in B or, accordingly, into B. So at those nota-
tions we have the following equality 

,ܣሺܤ ሻܤ ൌ ,ܣሺܫ ሻܤ ת ܵሺܣ,  ሻ.     (2)ܤ
Equality (2) shows that we must confirm both two properties of a mapping φ:  (1 :ܤ→ܣ

the injectivity of φ and 2) its surjectivity φሺܣሻ ൌ  before we can say that the mapping ,ܤ
φ:  is any bijection. Unfortunately, this requirement is ignored at any operating with the ܤ→ܣ
term (1–1)–correcpondence either implicitly, or by default. Bellow we need a criterion of a 
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bijectivity of a mapping φ:  being demonstrated in [6, Th.3.10], so everyone can prove ܤ→ܣ
that easily.  

Theorem 1.Criterion of a bijectivity. The mapping ϕ: ܣ ՜  is bijective one if and only ܤ
if for every splitting of the set ܣ ൌ ∪ܣinto nonintersecting subsets ܣ, ݅ א -tree follow ,ܰ⊃ܫ
ing conditions are fulfilled: 

:mappingφ ݅ (1) ܣ ՜ ,is any injection ܤ whereφ  ϕ|ಲ
, 

ሺ2ሻ ሺ݅, ݆: ݅ ് ݆ሻܤ∩ܤ ൌ ܤwhere , ൌ φሺܣሻ, 
ڂ(3) ܤ ൌ  .ܤ
However, for examples, in 1950 H. Hasse wrote [7,I.1.1], that a mapping  φ: ࡺ ՜

൛ࡺ  ሼ0ሽൟ “withφሺ݊ሻ ൌ ݊ െ 1 is a substitute”. This sentence contradicts with Theorem 1 by 
means of uniqueness theorem for the set N existence. 

 

2.Galileo Galilei’s paradox. Now to be followed to Peano [8, 3.1] we formulate the 
Axioms System for the set N with the equality relation (ݔ ൌ ,ݔ ܽ ് ܾ): 

(P1) 0 ∈N. 
(P2) ∀x∈N, ݔᇱ∈ܰ, theݔᇱ is said to be “immediately follows to x”.  
(P3) ∀ݔܰ∋ݔᇱ≠0. 
(P4) ∀y∈ܰ\ሼ0ሽ! :ܰ∋ݖ ሺݖሻᇱ ൌ  .ݕ
(P5) If any attribute Q(x) is defined ∀x∈N, and if  
(I) Q(0)=truth and 
(II)∀ݔ∈ܰQ(x)=truth holds Q(ݔᇱ)=truth, therefore,  
ሺIIIሻ∀ݕ∈ܰܳሺݕሻ=truth.  
Axiom (P5) affirms the principle of mathematical induction. Below we use this mathe-

matical induction technique every often. Galileo Galilei discovered on 1638 [9, с. 140–146; 
10,IV.32] the paradox which is ܽ א ܾ ܰ ൌ ܽଶ∈N. G. Galilei has said about this as follow-
ing: “The notions both either equality or inequality can be used only for finite qualities and 
not be applied for the infinite ones”.  

However, on the boundary of XIX and XX centuries there was appeared far-reaching 
with mistakes generalization of G.Galilee’s opinion about his paradox. S. Kleene write down 
[10, IV.32] this point of view as following: “ … it is possible to establish 1–1-correcpondence 
between squares of the positive integers numbers and itself integers, that conflicts with Eucli-
dian Axiom 8 [11], according to which whole more than any of its own parts… .”  

Now we shall give a new interpretation of G.Galilee’s paradox. To be exact yet we 
prove the mapping φ: ܰ ՜ ܰ, withφሺ݊ሻ ൌ ݊ଶ,  is not realizable on the all set N. We shall 
consider the square ܫ ൈ ܫ, whereܫ  ሺ0, 1, 2, … , ݊ሻ. Let now S(n) be the following state-
ment: “The φሺ݊ሻ ൌ ݊ଶis not realizable on the all ܫ “. We prove ݊ א ܰ thestatement ܵሺ݊ሻ 
by mathematical induction technique. 

(I) Let n=2, so   ܫଶ ൌ ሺ0, 1,2ሻ and φሺܫଶሻ ൌ ሺ0, 1, 4ሻ¬൫φሺܫଶሻ ك ଶܫ ൌ ሺ0, 1, 2ሻ൯.  
Then ܵሺ2ሻ ൌ truth. 

(II.1) Let n=k and ܵሺ݇ሻ ൌ truth by induction. 
(II.2) Let n=k1. Then φሺܫାଵሻ ൌ φሺܫሻ∪φሺ݇  1ሻ. Since  φሺ݇  1ሻ ൌ ሺ݇  1ሻଶ and 

with (II.1)  φሺܫାଵሻ¬ሺك .ାଵሻܫ Therefore,  
(III)  ∀݊∈ܰ, ݊  1, ܵሺ݊ሻ ൌ truth. 
So we proved Euclidean Axiom 8 at the first time. 
 

3. Stephen C. Kleene had used [12, I, 1,2] the Cantor diagonal method for the proof an 
uncountability of all natural sequences sets. Namely, he has chosen the countable subset of 
natural sequences from the set   of all ones. Haskell Curry has descri-
bedthesimilar example as Rishar’s paradox. Farther, S. Kleene wrote the sequences  
in the infinite-dimensional square matrix  
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H       (3) 

Further S. Kleene has defined one more sequence ݂כሺ݇ሻ under the formula 
ሺ݇ሻכ݂  ݂

ሺ݇ሻכ  1.  Matrix H of countable subsets of the set  of all se-
quences. The sequence ݂כሺ݇ሻ  was not inscribed into matrix (3) because this list-matrix H was 
already formed as completely and so finely. And consequently Stephen C. Kleene has formu-
lated the following statement: “The set of all number natural sequences is not countable one.” 
Really, S. Kleene has proved much greater. He proved that there not exist any bijection be-
tween the set H of sequences ݂

כܪ  and set (k)כ  ܪ  ሼ݂כሺ݇ሻሽ . We write below the details of 
some proofs of this statement.  

Let ܤାଵ  ሺܾ, ܾଵ, … , ܾሻ and ܪ  ሺ݄, ݄ଵ, … , ݄ିଵሻ  bebases of two linear spaces 
 , accordingly. We shall use the mathematical induction techniquefor proving theܧ ାଵandܧ
following statement. 

Theorem2. 
∀n∈Nሺ݅, ݆, ݉ሻ: ݅ ് ݆, ݅  1, ݆  1, ݉  ݊:∀ ሺφ: ାଵܤ ՜ ሻ⇒φሺܾሻܪ ൌ φ൫ ܾ൯ ൌ ݄. 

(I) Let n=1,then ܤାଵ ؠ ଶܤ ൌ ሺܾ, ܾଵሻ and ܪ ؠ ଵ ൌܪ ሺ݄ሻ. 
Now we have following  equϐlities: φሺܾሻ ൌ φሺܾଵሻ ൌ ݄,  so Th. 2=truth. 
(II.1) Let n=k and Th. 2 ൌ truth, by a condition of induction. 
(II.2) Let n=k1.  
Then  ܤାଵ ؠ ାଶܤ ൌ ሺܾ, ܾଵ, ڮ , ܾାଵሻ, ܪ ؠ ାଵ ൌܪ

ሺ݄, ܾଵ, ڮ , ܾሻ. Now we have φሺܤାଶሻ  ൌ φሺܤାଵ  ሼܾାଵሽሻ ൌ φሺܤାଵሻ∪φሺሼܾାଵሽሻ⊆ܪାଵ.  
Thus ݉,   ݉  ݇  1: φሺܾାଵሻ ൌ ݄ א  ାଵ. At the secondܪ
hand, by virtue φሺܤାଵሻ⊆ܪାଵ, ,݈ ݈ ൏ ݇  1:φሺܾሻ ൌ ݄.  

Then we have 
φሺܾሻ ൌ ݄ ൌ φሺܾାଵሻ. That  isTh. 2 ൌ truth in this case too. Therefore,  

(III)  ∀݊∈ܰ, ݊  1, Th. 2 ൌ truth. 
So we proved Euclidean Axiom 8 at the second time. 
 

4. Cantor diagonal method and Euclidean Axiom 8. Now we return to matrix (3). Let in (3) 
matrix H be identity matrix HE 

ܧܪ 

ۉ

ۈ
ۇ

1 0 0 0 0 …
0 1 0 0 0 … 

…
0 0 … 01 0 …

… ی

ۋ
ۊ

. 

The lines of matrix HE are canonic natural sequences ݂  ൫δ
: ݇ ൌ 0, ∞തതതതതത൯, ݅ ൌ 0, ∞,തതതതതതhere δ

 – 
is L. Kronecker symbol. Those sequences make up a basis ܤሺܨሻ of infinite-dimensional space 
F that is the set of all natural sequences ሺ ݂ሺ݇ሻୀ

ஶ ሻୀ
ஶ  , ݅, ݇ א ܰ[2, p. 349]. For example, if  

כ݂  ሺ0 1 1 0 … ሻ,then ݂כ ൌ ଵ݂  ଶ݂. Now we identifier every element ݂  of basis ܤሺܨሻ with 
the corresponding natural number k by means following bijectionφ: ܰ ՜  ,ሻܨሺܤ

φሺ݇ሻ ൌ ݂.       (4)  

Let כܨ  ሻܨሺܤ  ሼ݂כሽ.  Now we shall prove the following main statement.  

Теорема 3. There is not mapping ψ: ܤ→כܨሺܨሻ  that is an injective one.  

ሻכψሺ݂ :݉ (1) ൌ ܾ. (2) Yet the mapping ψ: ܤሺܨሻ ՜  ሻ\ሼܾሽ is not injective by virtue ofܨሺܤ
both Theorem 1 and Theorem 2. 
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Theorem 3 is equivalent by virtue of the bijection (4) with Euclidian Axiom 8 in connection 
with the set N of all natural numbers in following form:  

ܰ⊂ܰ  ሼܽ, ܽ∉ܰሽ⇒¬ሺܰ  ሼܽሽ~ܰሻ. 
The second example is more instructive: The bijective mapping exists by virtue of the 

bijection (4) between the set of all even natural numbers and the set, for example, those and 
only those vectors of the basis B(F), which have  even indexes.  The legend about an existence 
of any bijective correspondence between of natural numbers set and the set of even numbers 
was constructed on any historical misunderstanding. Thus we proved Euclidean Axiom 8 once 
again. 

 

1. The anti-cyclic permutation. In this item we use essentially the Axiom of Choice 
[1, IV.9], [13,0.23–0.26] and a notion of exact-permutation in our proofs. If ݂ א ,ܣሺܨ  ሻandܣ

AH ⊂ , then not always ݂ሺܪሻ ് ,ܣ௫ሺܤ  A set .ܪ  ሻof all exact rearrangements of a set Aܣ
(exact-permutation or anti-cyclic permutation, a rearrangements without cycles [6, Chap. 3]) 
we define by the following equality  

 

,ܣ௫ሺܤ ሻܣ  ሼ݂: ݂ א ,ܣሺܤ ሻܪሻሽ&݂ሺܣ ൌ ܪ ֜ ܪ ൌ  (5)      .ܣ

For example, the bijection  ݂ א ,ࡵ௫ሺܤ ሻ, Iࡵ ]1,0[Δ= , can be defined with following for-
mula:  

 

݂ሺݔሻ  ൜ ݔ  ݄, ݂݅ 0  ݔ  1 െ ݄,
1 െ ,ݔ ݂݅ 1 െ ݄  ݔ  1, 

whereh<0,5 and h is a transcendental number. 
The graph of this function in the obvious image testifies, that the given function f satis-

fies to a condition (5). It is easy to write down exact rearrangements on set of natural numbers 
but what would not be the first element in image at a mapping  ݂ א ,௫ሺܰܤ ܰሻ,the last element 
there cannot be, that is obvious, by virtue of the potential nature of set N. 

Now we shall choose a pair {a, ψ}, ܽ א and ψ ܣ א ,ܣ௫ሺܤ  ሻby means of the Axiom ofܣ
a choice [13, 0.23–0.24] from sets A and ܤ௫ሺܰ, ܰሻ . Further we define with the help of the  
pair {a, ψ} following sequence of investments of subsets of set A, named ([3, Sec. 14], [13, 
0.9; 0.23]) as a chain (a chain on an investment): 

 

ሼܽሽ ؿ ሼܽ, ܾሽ ؿ ሼܽ, ܾ, ܿሽሽ ؿ ሼܽ, ܾ, ܿ, … , ሽ ؿؿ ሼܽ, ܾ, ܿ, … , , ሽݍ ؿ ڮ ؿ  ሺ6ሻ  ,ܣ
 

where ܾ ൌ ߰ሺܽሻ, ܿ ൌ ߰ሺܾሻ, ݀ ൌ ߰ሺܿሻ, …, ݍ ൌ ߰ሺሻ, … . 
We shall name a chain (6) by a-chain on its first element [6, Гл. 3]. Let's emphasize, 

that in (6)∀Y⊂Aψିଵሺܽሻ∉Y, in general case. If Q and P, P⊂Q⊂A, are the neighboring ele-
ments of a-chain (6), then Q=ܲ  ሼݍሽ  ܲା, where ψሺሻ ൌ -and q is, accordingly, the great ݍ
est element in Q in the sense that,ܳ\ܲ ൌ ሼݍሽ. The last property defines discrete character of a 
chain (6). Therefore, it is obvious, that the set of elements of a-chain (6) is quite ordered set, 
i. е., its each non trivial subset has the least element. We shall name a-chain (6) a full one, 
meaning two its properties noted above. If ξ∈ܤ௫ሺܣ, -ሻ, then, at the first, ξ(a)=g≠a, and, seܣ
condly, the mapping ξ will transform the initial full a-chain (6) into some full g-chain which 
we shall designate as symbolP(g, ξ, A). Thus, equalityܳ ൌ ܲାis equivalent to equalityܳ ൌ
tyܳ ൌ  :ሽ, hence, we have following equalitiesݍሼڂܲ

ξ(ܲା)=ξ( ܲڂሼݍሽ)=ξ(P)ڂ ξሺሼݍሽሻ=ξ(Q). 
Order ν on set A is defined by pair {a,ψ} as follows. If ݄  ψିଵሺܽሻ, then ݍ א  we ݄\ܣ

accept ݍ hνp and )(ψν pqp . Besides if for elements Q and R of a-chain (6)∃H such, that 

Q⊂H⊂R, i. е. R≠ +Q , thenfor ∀q∈Q and ∀s∈ +QR \ we assume sq νp . So that ba νp , cb νp ,
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dc νp , …, where, as in (6), bൌ ߰ሺܽሻ, , ܿ ൌ ߰ሺܾሻ, ݀ ൌ ߰ሺܿሻ, …, ݍ ൌ ߰ሺሻ, … . By virtue of 
(6) order ν is both full and discrete. Set A with the order ν we shall designate as (A, ν). 

Remark 1. If the element ߰ିଵሺܽሻ  exists, then we can define a decreasing chain on an 
investment 

ܣ ـ ሼܽሽ\ܣ ـ ,ሼܽ\ܣ ܾሽ ـ ሼܽ, ܾ, ܿሽ ـ  ڮ
ـ ,ሼܽ\ܣ ܾ, ܿ, … , ሽ ـ ,ሼܽ\ܣ ܾ, ܿ, … , , ሽݍ ـ ڮ ـ ߰ିଵሺܽሻ   (7) 

 
 

by means of a full chain (6) by obvious image. We name a chain (7) as dual-chain for a-
chain (6). 

Theorem 4.ሺݕ, ܻሻ: ܣ⊇ܻ∋ݕthere exists φ, φ∈ܤሺܣ, ,ሻ, such that y-chain P(y, φܣ  .Yד(ܣ
 

Proof Let ܼ  ,௫ሺܻܤ∋σ,ܻ\ܣ ܻሻand߬∈ܤ௫ሺܼ, ܼሻ. Thus we have y-chain P(y, σ,
ܻሻ.Letܻڂሼ߬ሽ  ܻା, ,௫ሺܼܤ∋߬ ܼሻ.Now we construct the φ∈ܤሺܣ, ሻ as following: 1)φ|ଢ଼ܣ 
σand 2)φ|  ߬. 

Using both Theorem 1 and Theorem 4 we can construct new proof of Euclid Axiom 8. 
Let (A, ν) be a set А with order ν from it.4. Further let ࡼሺܣሻbe a set of all subsets of set A. 
Now we consider the class ℜ( )(AP )containing all elements of the set ࡼሺܣሻ, the set of all a-
chains and the set of all dual-chains. Now everyone can easily prove the following statement. 

Theorem 5. Any chain V, being either an own part of either some full q-chain or of the 
dual-chain is a well ordered one, i.e. this chainV  has the least element.  

 

6. The quite ordered sets and injective mappings. Now we prove Euclid Axiom 
8 in the form of the following theorem. 

Теорема 6. Let В⊂Аand ϕ∈ܨሺܣ,  ሻ, then such pair (a, q) of elements a and q exists into theܤ
set A, that 

φሺܽሻ ൌ φሺݍሻwith ܽ ്  (8)      .ݍ
 

ProofLet φሺܣሻ ൌ -It will not break a generality of our reasoning. Now we shall assume op .ܤ
posite (8), i. е.,ϕ∈ࡵሺܣ, ሻܤ ് ܪ at В⊂А and let further   ܤ∩ܪ then ,ܤ\ܣ ൌ ∅.  Now we 
have a circuit of equalitiesin those designations:  

ܤ ൌ φሺܣሻ ൌ φሺܤ  ሻܪ ൌ φሺܤሻ  φሺܪሻ. 

Therefore, φሺܤሻ ك ሻܪandφሺ ܤ ك ሻܪAn inclusionφሺ.ܤ ك ݄ means, that ܤ א  and ܪ
ܾ א exists such thatφሺ݄ሻ ܤ ൌ ܾ.On the other hand, if φሺܤሻ ൌ  existsܤ∋then  an element  g ,ܤ
for every b∈Bby virtue of ϕ∈ࡵሺܣ, ሻ  such, that φሺgሻܤ ൌ ܾ ൌ φሺ݄ሻ at g≠݄, since ܪ∩ܤ ൌ  .
This proves the condition (8). In case φሺܤሻ ൌ ଵܪଵ⊂B andܤ  ሻܤଵ, then φሺܤ\ܤ ൌ
ϕሺܤଵ  ଵሻܪ ൌ ϕሺܤଵሻ  ϕሺܪଵሻ.Therefore,φሺܤଵሻ ك ଵሻܪଵ and φሺܤ ك  ଵ.As well as above weܤ
prove, that eitherφሺܤଵሻ ൌ ଵሻܤଵ  and the condition (8) is proved, orφሺܤ ൌ ,ଵܤ⊃ଶܤ ଶܪ 
 :ଶand so on. Thus, we shall receive following a decreasing sequence Z of investmentsܤ\ଵܤ
 ⊃…. Here ݅∈J and J is some set of indexes corresponding constructedܤ⊂…⊂ଶܤ⊂ଵܤ⊂ܤ⊂ܣ
chain Z. This chain Z contains by virtue either of Theorems 4 and 5 or Kuratowski’s lemma 
[13, 0.25.(d)] in some maximal chain. Therefore, the chain Z has any least element in this 
case. It means that there  ݇ א ିଵሻܤφሺ:ܬ ൌ ሻܤ and φሺܤ ൌ  ,ିଵ. If as aboveܤ⊃ܤ
ܪ  ܤ\ିଵܤ ് ିଵሻܤthen φሺ , ൌ φሺܤ∪ܪሻ ൌ φሺܤሻ∪φሺܪሻ ൌ  ,. Thereforeܤ
φሺܤሻ ൌ ሻܪ and φሺܤ ك ܪ∩ܤ  atܤ ൌ ∅by virtue of the subsetܪchoice.It means that 
the conclusion (8) of Theorem 6 is proved. Consequently, we prove Euclidean Axiom 8 at the 
fourth time in this paper. 
Theorem 6 has following the canonical brief form: В⊂А⇒¬A∼B. 
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In particular, q∉A⇔¬ (A∼ (A∪{q})), and we speak about this so: concerning equiva-
lence the family of infinite sets (as well as finite sets) divides on classes “to within an ele-
ment”.This result, obviously in turn, opens a new way of research a continuum-hypothesis 
[1]. We have written down below without the proofs only two of statements which of them is 
equivalent to Theorem 6 and they both as well as Theorems 1-6 are obvious to the finite sets. 

 

Statement 1. If В⊂Аand ϕ∈ࡵሺܣ, ,ܣሻ, then ∃ξ∈ሺܤ ሻ:ξ|ܤ ൌ φ. 
 

Statement 2.A~ܤ)⇔ܤ௫ሺܤ, ,ܣ௫ሺܤ∽ሻܤ ,ܣሺܤ)⇔ሻܣ ,ܤሺܤ~ሻܣ  .ሻሻܣ
The second part of the Statement 2, namely the equivalence 
 

,ܤ௫ሺܤ  ,ܣ௫ሺܤ∽ሻܤ ,ܣሺܤ) ⇔ሻܣ ,ܤሺܤ~ሻܣ  ,ሻሻܣ
 

characterizes the property for the equivalent sets to be indiscernible in the functional al-
titude. 
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